Abstract-Full-duplex (FD) small cells provide a promising solution for meeting the sought requirements of future wireless networks, specifically, the capacity, coverage and spectral efficiency. Motivated by the recent developments in self-interference (SI) cancellation techniques, the main objective of this paper is to further investigate the impact of using fully FD-capable small cells on conventional HetNets. We analyse a two-tier heterogeneous cellular networks (HetNets), wherein tier 1 consists of legacy half-duplex (HD) macro base stations (BSs) while tier 2 consists of FD small cells. Based on the stochastic geometry approach, we develop a theoretical model and derive closed-form expressions for the outage probability of downlink macrocell users, in addition to downlink and uplink users of small cells since they operate in FD mode. Analytical and simulation results are provided to verify the derived expressions and evaluate the variation of different parameters on the network performance.
I. INTRODUCTION
Full-Duplex (FD) systems are prone to self-interference (SI), which is the interference generated by the transmitter of the device on its own receiver. In the past, FD systems could not be realized due to the inefficiency of SI cancellation techniques [1] . However, recent advances in SI cancellation techniques [2] , [3] have made the in-band FD wireless systems feasible for wireless communications. The in-band FD technology not only offers the potential of doubling the capacity and the spectrum utilization, but also assists in solving some of the key problems in HD systems, such as the hidden node issues, loss of throughput due to high congestion rates, and large end-to-end delays [4] .
On the other hand, small cells were proposed as an easy and cost-efficient solution to achieve higher capacity and broader coverage compared with macro-centric networks [5] , [6] . It has attracted increasing attention for the fifth generation (5G) wireless communication. The low transmit power characteristic of small cells makes them an ideal candidate for deployment of FD technology, since SI at the small cell BS is easier to control compared to their high-powered macro counterparts. This motivates the research on performance gains of using FD small cells in heterogeneous cellular networks (HetNets).
In existing literature, research on FD network analysis had been carried out. In [7] , the authors have analyzed the sum ergodic capacity of interference coordinated HetNets comprising single HD macrocell and single FD-enabled small cell. A comparison between the performance of HD and FD small cell is also provided. In [8] , the authors have considered hybrid duplex heterogeneous networks composed of multi-tier networks, with access points operating either in bi-directional FD mode or downlink HD mode, where the throughput expression was derived. Their results have shown that having tiers with hybrid duplex access points degrades the performance, while higher throughput was achieved when each tier operates in a specific mode, either HD or FD rather than a mixture of both, which motivated further research on full HD operating BSs in tier 1 and full FD operating BSs in tier 2 instead of considering hybrid scenarios. In [9] , the closed-form expressions for the outage probability, average ergodic rate, and the minimum average user throughput were derived for a downlink HD multi-tier networks. They have also concluded that neither the number of BSs nor tiers affect outage probability or average ergodic rate in an interference-limited full-loaded HetNet with unbiased cell association. These conclusions, however, may not hold in environments which are prone to higher SI, for instance, HetNets comprising of FD nodes. In [10] , a framework is proposed to model the downlink rate coverage probability of a user in a fully FD small cell network with massive MIMO wireless backhauls. Moreover, some recent studies have investigated outage probability of FD relay networks [11] . However, research on outage analysis of HetNets with FD tier, using tools of stochastic geometry, is still open for research and motivates this study.
Unlike previous studies, the main contribution of this paper is to investigate the HetNets performance when comprised of full FD tier 2 and conventional HD tier 1. Therefore, using tools from stochastic geometry we present an analytical model for two-tier HetNets, such that tier 1 comprises legacy HD macrocells while tier 2 consists of FD small cells, adopting flexible cell association. Specifically, the underlying model captures the downlink (DL) scenario for macrocell users, where the performance of the macrocell users is limited by several sources of interference, such as other macrocell BSs, small cells, and other uplink (UL) small cell users, in addition to the DL scenarios of small cell users, where the performance of DL small cell users is limited by interference such as macrocell BSs, other small cells, and other UL users. And finally, the UL small cell scenario, where the performance of the UL BS is limited by interference such as macrocells, other small cells, UL small cell users and SI. We derive closed-form expressions for outage probability of the different tiers, and provide insights of performance with different parameters.
The rest of the paper is organized as follows. Section II provides the considered system model for the analysis in this paper. In Section III, we analyze the outage probability of twotier HetNet with FD small cells. Numerical and simulation , respectively. The UL small cell users are spatially located in ℝ 2 following the HPPP Φ 2 , with intensity 2 . Assuming that the intensity of DL users is high enough, and each user has data ready for transmission, such that saturated traffic conditions hold. We also assume that each small cell BS serves single active uplink user and single downlink user per channel, and each macrocell BS serves single active downlink user per channel. This assumption is justified due to the conclusions in [8] , that the highest network performance is achieved when each tier in the network operates fully in either HD or FD, rather than having hybrid tiers. The full frequency reuse scenario is assumed, such that all the cells use the same frequency band. We assume that the channel coefficients are invariant in each block and vary between different blocks. Moreover, we assume that the channel ℎ , between any pair of nodes and is impaired by Rayleigh fading.
We assume that the FD small cells are equipped with a single antenna and achieve FD capability through the techniques mentioned in [12] . A node in FD mode receives interference from its transmitted signal, and performs interference cancellation for that SI. Since the amount of SI depends on the transmission power at the receiver 2 , we define the residual self-interference (Δ) power after performing the SI cancellation as [8] 
In (1), = |ℎ | 2 is the residual SI channel gain of a tier 2 BS, indicating the SI cancellation capability of that BS, where ℎ is the SI channel of the BS. Note that Δ = 0 denotes perfect cancellation capability. The residual SI channel gain is highly dependant on the adopted SI cancellation technique. For example, if digital-domain cancellation is adopted, ℎ can be presented as ℎ = ℎ −ĥ where ℎ andĥ are the self-interfering channel and its estimate as the SI is subtracted using the estimate [8] , [13] . With that, can be modeled as a constant value considering the use of a single antenna, such that = 2 for the estimation error variance 2 [8] , [13] . On the other hand, using other cancellation techniques, makes modeling a challenging problem; hence, the parameter presented in (1) for the SI cancellation capability, can make the analysis more generic. Therefore, we consider to be a constant value. However, the analysis can still be extended to the case of random . For instance, once the probability density function (PDF) of is available for a certain SI cancellation mechanism, and by averaging the analytic results presented in this paper over the distribution of , the results for the random can be derived. This is beyond the scope of this paper and can be considered in future work.
We consider the maximum received power cell association rule in the downlink transmission of HetNets [9] , such that, the association probability for the small cell 2 and macrocell 1 can be expressed as
where 1 and 2 are the received power at the associating user from the macrocell and small cell BSs, respectively, ℎ 1 and ℎ 2 are the fading channel coefficients between the associated user with macrocell and small cell BSs, respectively. Moreover, 1 and 2 are the path loss exponents of macrocells and small cells, respectively.
A. Downlink SINR of Macrocell User
For a typical macrocell downlink user located at the origin 0 1 , associated with its serving macrocell BS * 1 , the SINR is expressed as
given 2 is the interference from small cell uplink users, 2 is the interference from small cell BSs and 1 is the interference from other macrocell BSs.
In (4) , and
denote the distances between the typical downlink macrocell user and its associated macrocell BS, small cell users, small cell BSs, and other interfering macrocell BSs, respectively.
B. Downlink SINR of Small Cell User
For a typical small cell downlink user located at the origin 0 2 , associated with its serving small cell BS * 2 , the SINR expression is given by
given 2 is the interference from small cell uplink users, denote the distances between the typical small cell downlink user and its associated small cell BS, small cell users, other interfering small cell BSs, and macrocell BSs, respectively.
C. Uplink SINR of Small Cell BS
For a typical small cell BS in the uplink located at the origin 0 2 , the SINR can be expressed as denote the distances between the typical small cell uplink BS and its associated small cell uplink user, other interfering small cell uplink users, other small cell BSs and macrocell BSs, respectively.
III. PERFORMANCE EVALUATION
In this section, we analyze the outage probability of two-tier HetNets with FD small cells, which is a metric that represents the average fraction of the cell area that is in outage at any time. We define the outage probability as the probability that the instantaneous SINR of a randomly located user is less than a target SINR . Since the typical user is associated with at most one tier, from the law of total probability, the outage probability is given as
where is the per-tier association probability given in (2) and (3), and is the outage probability of a typical user associated with ℎ tier. For a target SINR and a typical user SINR ( ) at a distance from its associated BS, the outage probability is given by
Considering the chosen network model of HD macrocells and FD small cells, the expression of the outage probability becomes
where 1 , 2 and 2 denote the outage probability of macrocell downlink user, small cell downlink user, and small cell uplink BS, respectively, and are derived in the following section.
A. Outage Probability of Macrocell Downlink User
The probability density function (PDF) of the shortest distance between the typical macrocell user and the associated macrocell BS *
where 1 is given in (3).
Theorem 1. The outage probability 1 is defined as the probability that the instantaneous SINR of a randomly located macrocell downlink user is lower than a target 1 , is given by
. (11) given,
where 2 1 [⋅] denote the Gauss hypergeometric function, and the pathloss exponents > 2.
Proof. See Appendix A. ■
B. Outage Probability of Tier 2 Downlink User
The PDF of the shortest distance between the typical small cell downlink user and the associated BS *
(12) where 2 is given in (2).
Theorem 2. The outage probability 2 is defined as the probability that the instantaneous SINR of a randomly located small cell downlink user is lower than a target 2 is given by
given,
where the pathloss exponents > 2.
Proof. Following the derivation approach presented in Appendix A, the final expression for the outage probability of a randomly located small cell DL user is given in (13) . ■ 
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C. Outage Probability of Tier 2 Uplink BS
The SINR of an uplink small cell BS is given in (6).
Theorem 3.
The outage probability 2 is defined as the probability that the instantaneous SINR of a randomly located small cell uplink BS is lower than a target 3 is given by
Proof. From (8), The outage probability 2 can be obtained by (15)
Following similar approach used to prove the aforementioned theorems, the outage probability of an UL small cell BS is given by (14) . This completes the proof. ■
IV. NUMERICAL RESULTS
In this section, we evaluate the performance of two-tier HetNets with FD small cells. We investigate how tier 2 density and the SI cancellation capabilities affect the outage probability. The parameters setting are presented in Table  I . Simulations have been performed to verify our derived analytical results by averaging over 10 4 iterations. Fig. 2 plots the outage probability of a typical DL user associated with macrocell BS, small cell BS, and random type of BS in the DL, as a function of small cell BSs density 2 . We observe that outage probability of macrocell DL user increases with increasing the small cell BS density. This results from the increase in aggregate interference from the small cell BSs, as shown in (4) . Additionally, outage probability of macrocell DL user decreases with increasing the transmit power at the macrocell BS, which is due to the increase in SINR at the typical downlink user associated with macrocell BS, as shown in (4) . Interestingly, for the typical downlink user associated with small cell BS, the outage probability decrease with increasing the small cell BS density. This is because densification of tier 2 reduces the inter-link distances between the typical downlink user and the associated small cell BS, as shown in (5) . In addition, outage probability of typical small cell DL user decrease with increasing the transmit power at the macrocell BS, which is due to the increase in aggregate interference caused by macrocell BSs, as shown in (5) . Finally, outage probability of a random DL user, which is defined as 1 1 + 2 2 , increases with both the increase of small cell density, and the decrease of transmit power of macrocell BS. This is because 1 in the expression is lower than 2 , therefore the expression reflects such tendency. Fig. 3 plots the outage probability of macrocell DL user, small cell DL user, small cell UL BS, and a randomly located user, against density of small cell BSs. In this figure, we focus on the impact of small cell BSs density on outage probability of a randomly located user. We observe that outage probability of a randomly located user increases with increasing the small cell BS density. This results from the increase in aggregate interference from the small cell BSs, as shown in (9) . Fig. 4 plots the relation between outage probability and SI cancellation capability . We observe that outage probability of a randomly located user is initially high, especially when SI cancellation capability is low ( < −15 ), then it decreases with increasing , until it nearly stabilise beyond ( > −37 ). This is because high SI cancellation capabilities improve the performance of FD links as can be seen in (6) . Additionally, we observe that the outage probability in high small cell densities is more sensitive to variations. This due to increased FD links in higher small cell densities since only the small cell BSs operate in FD mode.
V. CONCLUSION AND FUTURE WORK
Realizing the FD capability at small cells is particularly attractive due to cost efficiency, ease of deployment, and higher SI cancellation capabilities (compared to macrocells). In this paper, we have investigated the performance of two-tier HetNets with FD small cells. We have derived the closed-form expressions for outage probability in two-tier HetNets with FD small cells. Our performance evaluation investigates the impact of different network parameters on outage probability. The results demonstrate that the HetNets achieves lower outage with higher densities of FD small cells. Moreover, as expected, the outage probability improves with higher SI cancellation capabilities. Additional work on the selected system model can be investigated, exploring different metricates, e.g. rate coverage probability, sum ergodic rate and throughput. Additionally, considering different inter-cell coordination schemes can be accounted for, which makes HetNet analysis more realistic.
APPENDIX

A. Proof of Theorem 1.
From (8) , the outage probability 1 is given as 
Starting with the Laplace transform of the interference originated from other small cell UL users in (17), we have 
Note that the integration limits in (18) are from 0 to ∞ since the small cell UL users can be at any distance from the DL macrocell users. Now, with a change of variables
